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Abstract 

Let be a semisimple Lie algebra and G = lnt(0). In this article, 

we relate the Jordan decomposition of X G g (or g ^ G) with the 

^ \ dynamics induced on generalized flag manifolds by the right invariant 

h.^ I continuous-time flow generated by X (or the discrete-time flow gen- 

CN ■ erated by g). We characterize the recurrent set and the finest Morse 

decomposition (including its stable sets) of these flows and show that 
C"^ I its entropy always vanishes. We characterize the structurally stable 

^Q ' ones and compute the Conley index of the attractor Morse compo- 

f^ . nent. When the nilpotent part of X is trivial, we compute the Conley 

indexes of all Morse components. Finally, we consider the dynamical 

aspects of linear differential equations with periodic coefficients in g, 

which can be regarded as an extension of the dynamics generated by 

5^ \ an element X G g. In this context, we generalize Floquet theory and 

extend the previous results to this case. 
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1 Introduction 

Let G be a linear group acting differentially on a manifold F and g its Lie 
algebra. We denote by (?*, t G T = M or Z, the right invariant continuous- 
time flow generated by X G g or the discrete-time flow generated hy g E G. 
More precisely, when T = M, we have that g^ = exp(tX) and, when T = Z, 
we have that g^ is the t-iterate of g. When t = 1 we just write g = g^. 
Throughout this paper, we call g^ a linear flow. It induces a differentiable 
flow on F given by (t, x) h-^ g^x, where x & F and t G T = Z or M. We call 
these flows linearly induced flows. 

Take G = Int(g), where g is a semisimple Lie algebra. In [5] it is con- 
sidered a continuous-time flow generated by real semisimple element H E Q 
acting on the flag manifolds of g: they show it is a Morse-Bott gradient 
flow, describe its fixed point set and their stable sets. In |7j it is analized 
a continuous-time flow generated by an element which is the sum of two 
commuting elements of g, one of which induces a gradient vector field and 
the other generates a one-parameter group of isometrics. In the context of 
g = sl(n, M), the articles [H [2] study the discrete-time flow generated by an 
arbitrary element g G Sl(n, M): they characterize the structurally stable ones. 

In this article, we study the dynamics of linearly induced flows g^, for 
both continuous and discrete times, acting on a generalized flag manifold Fe 
of g. This context includes, for example, volume preserving and Hamilto- 
nian linearly induced flows acting, respectively, on Grassmanian manifolds 
and on Grassmanian of isotropic subspaces, such as the Grassmanian of the 
Lagrangian subspaces. This dynamics is related with the Jordan decompo- 
sition of the flow g*, which is defined in terms of the Jordan decomposition 
of X or (yf (see Section [3]). We also consider the dynamical aspects of linear 
differential equations with periodic coefficients in g, which can be regarded 
as an extension of the dynamics generated by an element X E Q. In what 
follows we describe the structure of this article. We note that we recover, 
in this setting, the results of [HI [13] about flows in flag bundles with chain 
recurrent compact Hausdorff base. 

In the preliminaries we recall some notions of Conley theory and of 
semisimple Lie theory, proving some useful results. 

In Section 3, we recall the Jordan decomposition in G and g and show 
that the flow (?* can be written as a product of commuting flows (?* = e*/i*M*, 
where e*, h*, m* are linear flows in G which are called, respectively, the elliptic, 
hyperbolic and unipotent components of g^. We finish this section with a 



result about the good behavior of the Jordan decomposition under a certain 
representation of G which is related to a natural immersion of a flag manifold 
into a projective space. 

Section 4 is made up of various subsections. In the first one, we look 
at the linearly induced flow of (?* on a flag manifold as the restriction of a 
linearly induced flow on a projective space. Using the results of the appendix 
about dynamics on projective spaces and the results of [S] about the action 
of a real semisimple element if G g on the flag manifolds, we generalize these 
results characterizing the recurrent and chain recurrent sets, the finest Morse 
decomposition, including its stable sets, in terms of the fixed points of the 
Jordan components. For example, we get the following result. 

Theorem 1.1 The recurrent and chain recurrent sets of g* in the flag man- 
ifold Fe are given, respectively, by 

n{g') = fix© {h') n fixe (n*) and 7^c(^*) = fix© {h') , 

where fixe(/i*) and fixe(M*) are the fixed points of these flows in ¥q. 

As a byproduct, we show that the entropy of these flows always vanishes. In 
Section 4.2 we deflne the conformal flows as the ones whose unipotent part in 
the Jordan decomposition is trivial, this is the kind of linear flow considered in 
[7|. For these flows, we compute the Conley indexes of all Morse components. 
We note that we can compute the Conley index of the attractor for every 
flow g^, with no restrictions. We then introduce the regular flows, which are 
a particular case of the conformal flows. We show that they are dense in 
G or g, which implies Theorem 8.1 of [7J about the density of continuous- 
time conformal flows. Using this and the previous results we obtain the next 
result which generalizes results of [H [2j obtained in the context of discrete- 
time flows generated by an arbitrary element g G Sl(n, M). 

Theorem 1.2 The following conditions are equivalent: 

(i) g* is regular, 

(a) g* is Morse-Smale and 

(Hi) g^ is structurally stable. 

Finally, we consider the dynamical aspects of linear differential equations 
with periodic coefficients in g, which can be regarded as an extension of the 
dynamics generated by an element X G g. In this context, we generalize 
Floquet theory and then extend the previous results to this case. 



2 Preliminaries 

2.1 Flows on topological spaces 

Let (j) : T X X ^ X he a. continuous flow on a compact metric space {X, d), 
with discrete T = Z or continuous T = M time. For a 0*-invariant set 
7VI C X, we define its stable and unstable sets respectively as 

st(A^) = {x eE: uj{x) C M}, un{M) = {x e E : uj*{x) C M}, 

where uj{x), uj*{x) are the limit sets of x. We denote by 7?.(0*) the set of all 
recurrent points, that is 

7^(0*) = {xeX -.x eLu{x)}, 

and by fix(0*) the set of all fixed points, that is 

fix(0*) = {xeX : 0*(a;) = x, for all t e T}. 

A linear flow $ * on a vector bundle V is called normally hyperbolic if V 
can be written as a Whitney sum of their stable and unstable set and there 
exist a norm in V and constants a,f3 > such that |$*(f)| < e~"*|v|, when 
V is in the stable set, and |<l>*(f)| < e^^^lf |, when v is in the unstable set. We 
say that a '-invariant set A4 G X is normally hyperbolic if there exists a 
neighborhood of Ai where the flow is conjugated to a normally hyperbolic 
linear flow restricted to some neighborhood of the null section. 

We recall here the definitions and results related to the concept of chain 
recurrence and chain transitivity introduced in [4j (see also [12] )■ Take x,y & 
X, e > and t e T. A {e, t)-chain from a; to |/ is a sequence of points 
{x = Xi, . . . , Xn+i = y} C X and a sequence of times {ti, . . . , t„} C T such 
that ti>t and d{(j)^^{xi),Xi^i) < e, for alH = 1, . . . , ra. 

Given a subset Y G X we write Q{Y, e, t) for the set of all x such that 
there is a {e, t)-chain from a point y &Y to x. Also we put 

n*{x,e,t) = {y e X : X e D.{y,e,t)}. 

If y C X, we write 

n(Y) = f]{n{Y,e,t) : e > 0,t G T}. 



Also, for a; G X we write Q{x) = Q{{x}) and define tlie relation x ^ y 
if y G Q{x), which is transitive, closed and invariant by 0*, i.e., we have 
(j)^[x) ■< (j)'^{x) if a; ^ y, for all s, t G T. For every Y G X the set ^{Y) is 
invariant as well. 

Define the relation x ^ y ii x ^ y and y ^ x. Then x G X is said to be 
chain recurrent if x ~ x. We denote by TZc{4>^) the set of all chain recurrent 
points. It is easy to see that the restriction of ~ to 7lc{(p^) is an equivalence 
relation. An equivalence class of ~ is called a chain transitive component or 
a chain component, for short. 

Now we prove two results which will be used further on. 

Lemma 2.1 Let e* be a flow of X such that e* is an isometry for all t G T. 
Then, for each T G T and each x E X , there exists a sequence n^ ^ oo such 
that g'^'^'^x — > X. 

Proof: By the compactness of X, we have that the sequence e""^x has a 
convergent subsequence. Thus, given e > and L > 0, there exist m,kEN 
such that m — k > L and 

^(^g(m-fc)T^^ x) = rf(e"*^x, e'^^x) < e. 
Hence there exists a sequence n^ ^ oo such that ^("'^^x —* x. D 



Lemma 2.2 Let e*, u* be commuting flows of X , t G T. Assume that e* 
is an isometry for all t E T and that for each x G X there exists y G X 
such that the omega and alpha limits of x by u* are precisely y. Then the 
composition e*ti* is a chain recurrent flow. 

Proof: Fix x G X. Given e > and to > we will construct an {e, to)-chain 
from X to X. By the assumption on u, there exists y G X and ti > to such 
that 

u\x),u-\x)eB{y,e/2), 

for all t > ti. Taking t > ti, it follows that the points {x,m~*(x),x} and 
times {t, t} define an {e, to)-chain of u, since 

d{u\x) , u~\x)) < e and d{u^u'\x),x) = < e. 

Now, since the isometry e is recurrent (see Lemma [2. ip . there exists t > ti 
such that (i(e^*(x),x) < e. Thus the points {x, e*u~*(x),x} and times {t,t} 



define an {e, to)-chain of eu. In fact, using the commutativity of e and u and 
using that e is an isometry, we have 

(i((eM)*(x),e*-u^*(x)) = d{u\x), u~'^{x)) < e, 

by the above construction. Finally, using again the commutativity of e and 
u we have that 

d{{eufe\~^{x),x) = d{e^\x),x) < e, 

by the choice of t. D 

Now we relate Morse decompositions to chain transitivity. First let us 
recall that a finite collection of disjoint subsets {Aii, . . . , A4n} defines a 
Morse decomposition when 

(i) each Aii is compact and '-invariant, 

(ii) for all X G X we have uj{x), uj*{x) C [Ji-Mi, 

(iii) if uj{x), uj*{x) C Mj then x G Mj. 

Each set Aii of a Morse decomposition is called a Morse component. If 
{A^i, . . . , A^„,} is a Morse decomposition of X, then it is immediate that X 
decomposes as the disjoint union of stable sets st(A^j). 

The finest Morse decomposition is a Morse decomposition which is con- 
tained in every other Morse decomposition. The existence of a finest Morse 
decomposition of a flow is equivalent to the finiteness of the number of chain 
components (see [12], Theorem 3.15). In this case, each Morse component 
is a chain transitive component and vice- versa. We say that the flow 0* is 
normally hyperbolic if there exists the finest Morse decomposition and their 
Morse components are normally hyperbolic. 

2.2 Semi-simple Lie theory 

For the theory of semisimple Lie groups and their flag manifolds we refer 
to Duistermat-Kolk-Varadarajan [Sj, Helgason |6] and Warner [17]. To set 
notation let be a semisimple Lie algebra and G = lnt(0) C G1(0) acting in 
canonically. We identify throughout the Lie algebra of G with q, that is, 
we write g = exp(X) to mean g = e^^W^ where X E Q. Thus, for g E G and 
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X G X, it follows that gexp{X)g^^ = exp{gX). Note that if G is a connected 
Lie group with Lie algebra g, then Ad(G') = lnt(0) = G. It follows that the 
adjoint action of G in g is the canonical action of G in g. 

Fix a Cartan involution ^ of g with Cartan decomposition q = t(Bs. The 
form Bg {X,Y) = —{X,6Y), where (■, ■) is the Cartan-Killing form of g, is 
an inner product. 

Fix a maximal abelian subspace a C s and a Weyl chamber a^ C a. We 
let n be the set of roots of a, H^ the positive roots corresponding to a"*", S the 
set of simple roots in n+ and n~ = —11+ the negative roots. The Iwasawa 
decomposition of the Lie algebra g reads g = ]^©a©n+ with n+ = X]aen± 0a 
where go, is the root space associated to a. As to the global decompositions 
of the group we write G = KS and G = KAN^ with K = exp t, S = exp s, 
A = exp a and N"^ = exp n+. 

The Weyl group W associated to a is the finite group generated by the 
refiections over the root hyperplanes a = in a, a G H. For each w E W and 
a G n we define w*a{H) = a{w~^H), for all H e a. We have that w*a G IT 
and that this is a transitive action of W on 11. The maximal involution w~ 
of W is the (only) element of W which is such that (w~)*S = — S. 

Given a subset of simple roots C S, let 









ae 


= {H ea: 


: a{H) : 


= 0,a 


G0} 


and put 


Ae 


= exp(( 


le). 


Let also 












n(0)± 


ai 


>! da 

:(0>nn± 


and 


4 


= >] Qa 

aen±-(0) 


and put 


Ni 


= expl 


>g). 


The subset sir 


Lgles out the subgrov 



Weyl group which acts trivially on Oe- 

The standard parabolic subalgebra of type C S with respect to chamber 
a"*" is defined by 

pe = n"(0)©m©a©n+. 

Let p the dimension of pe and denote the grassmanian of p-dimensional sub- 
spaces of g by Grp(g). The fiag manifold of type is the orbit Fe = Gpe C 
Grp(g), with base point 6e = Pe, which identifies with the homogeneous 
space G/Pe- Since the center of G normalizes pe, the fiag manifold depends 
only on the Lie algebra g of G. The empty set = gives the maximal fiag 
manifold F = Fg with basepoint b = b^. 



For i7 G a we denote by Zh^ Kh, Wh, the centralizer of H in G, K, W, 
respectively, i.e, the elements in those groups which fix H. Note that g E G 
centralizes H if and only if it commutes with a.d{H). In fact, this follow from 
a.d{gH) = ga.d{H)g~^ and the injectivity of ad. When H e cla+ we put 

e{H) = {a G S : a{H) = 0}. 

An element H G cla+ induces a vector field if on a fiag manifold Fe 
with fiow exp{tH). This is a gradient vector field with respect to a given 
Riemannian metric on Fe (see [5], Section 3). The connected sets of fixed 
point of this fiow are given by 

Rxe{H,w) = Znwhe = Kniube, 

so that they are in bijection with the cosets in WhXW/Wq. Each w-iixed 
point connected set has stable manifold given by 

ste{H,w) = N-^^^&xe{H,w), 

whose union gives the Bruhat decomposition of Fe: 

Fe= n ste{H,w). 

Wh\W/Wb 

The unstable manifold is 

uneiH,w) = N^^^-^Rxe{H,w). 

We note that both ste(iJ, 1) and un@{H,w~) are open and dense in Fe- 
Since the centralizer Zh oiH leaves fix0(ii, w) invariant and normalizes both 
^e(H) ^"^^ ^0(H)^ ^^ follows ste(-ff, w) and une(-ff, w) are Z^ -invariant. We 
note that these fixed points and (un) stable sets remain the same if H is 
replaced by some H' G cla+ such that 6 (if') = Q{H). 

We note that, since the spectrum of ad(ii) in Qa is a{H), it follows that 
the spectrum oi h = exp(if) in Qa is e"^^\ 

We conclude with a useful lemma about the decomposition semisimple 
elements. We say that X G g is semisimple if ad(X) is diagonalizable over C 
and that (7 G G is semisimple if g is diagonalizable over C. 

Lemma 2.3 We have that 



(i) If X ^ Q is semisimple, then there exists an Cartan decomposition 
Q = l®5 such that X = E + H where H e 5 and E e in- 

(a) If g & G is semisimple, then there exists an Cartan decomposition 
G = KS such that g = eh, where h = exp{H), H & s and e G Kh- 

Proof: For item (i), since X is semisimple, there exists a Cartan subalgebra 
j such that X G j (see the proof of Proposition 1.3.5.4, p. 105 of [I7|). By 
Proposition 1.3.1.1, p. 89 of [17J, there exists a Cartan involution 6 such that 
j is 0- invariant. Thus we have that 

j = (jn!)©(jns). 

Writing X = E + H, with E e jHl and if G j fl s, we have that E and H 
commute, since j is abelian. 

For item (ii), since g is semisimple, there exists a Cartan subgroup J such 
that g E J (since the centralizer oi g in q contains a Cartan subalgebra, see 
the proof of Proposition 1.4.3.2, p. 120 of [H]). Denote by j the associated 
Cartan subalgebra. By Proposition 1.3.1.1, p. 89 of [TTj, there exists a Cartan 
involution 6 such that j is 6'-invariant. Thus, by Proposition 1.4.1.2, p. 109 of 
[T7] . we have that 

J = (Jnir)(exp(j ns)). 

Writing g = eh, with e E J H K and h = exp{H), where H E ') H s. Since 
J centralizes j, it follows that e and ad(if ) commute, showing that e G K^- D 



3 Jordan decomposition 

In this section we recall the additive and the multiplicative Jordan decom- 
positions. Let V^ be a finite dimensional vector space. 

If X G gl(y), then we can write X = E + H + N, where E G gliV) 
is semisimple with imaginary eigenvalues, H G gl(^) is diagonalizable in V 
with real eigenvalues and A^ G gl(^) is nilpotent. The linear maps E, H and 
A^ commute, are unique and called, respectively, the elliptic, the hyperbolic, 
and the nilpotent components of the additive Jordan decomposition of X 
(see Section ? of [?]). 

If (7 G Gl(y), then we can write g = ehu, where e G Gl(\^) is an isometry 
relative to some appropriate inner product, h G Gl(\^) is diagonalizable in 
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V with positive eigenvalues and u G G1(V") is the exponential of a nilpotent 
linear map. The linear maps e, h and u commute, are unique and called, 
respectively, the elliptic, the hyperbolic and the unipotent components of the 
multiplicative Jordan decomposition oig (see Lemma IX. 7.1 p. 430 of ^). We 
denote by log h the matrix given by the logarithm of the diagonal elements 
of h in the Jordan basis. Writing g, e, h, u in the Jordan basis, we see that 
they commute with log h. 

Take g a semisimple Lie algebra. We say that X = E + H + N , where 
E,H,N G 0, is the Jordan decomposition of X in g if ad(X) = ad{E) + 
a.d{H) + ad(A^) is the additive Jordan decomposition of ad(X) in gl(g). In 
this case, E, H and A^ commute, are unique and called, respectively, the 
elliptic, the hyperbolic, and the nilpotent components of X. 

We note that the conjugate of a Jordan decomposition is the Jordan 
decomposition of the conjugate. Now we prove the following useful result. 

Lemma 3.1 Let G = int (g), where g is a semisimple Lie algebra. Then we 
have that 

(i) For each X E Q, there exists the Jordan decomposition X = E + H + N. 
Furthermore, there exists an Iwasawa decomposition q = tQ)a(Bx\^ such 
that E etn and i7 G cl a+ . 

(a) For each g E G, its multiplicative Jordan components e, h, u lie in G. 
Moreover, there exist a unique H E q such that log h = ad{H) and an 
Iwasawa decomposition G = KAN such that e G K^ and if G cl o+. 

Proof: For item (i), by Proposition 1.3.5.1, p. 104 of [17j, there exists a 
unique decomposition X = S + N, where S,N E g commute, S is semisimple 
and ad(A^) is nilpotent. By Lemma 1?^ there exists an Cartan decomposition 
= t©s such that S = E + H, where H e s and E e in- This is the additive 
Jordan decomposition of S in g, since ad(ii^) is i?e-anti-symmetric and ad(if ) 
is i?6)-symmetric. It remains to show that ad{E) and ad(ii) commute with 
ad(iV). We first note that u = I + ad(A^) is invertible and that Y G gl(0) 
commutes with ad(A^) if and only if Y commutes with u. In fact, we have 
that 

Y + Fad(iV) = Yu = uY = Y + ad(A^)F. 

It follows that u commutes with ad(X). In order to show that ad{E) and 
ad(if ) commute with u, we write 

ad{E) + ad{H) + ad{N) = uad{X)u-^ = uad{E)u-^ + uad{H)u-^ + ad(A^). 
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By the uniqueness of the additive Jordan decomposition in gl(0), we have 
that ad(-E') = uad{E)u~^ and a.d{H) = ua.d{H)u~^ . Since H E s, we can 
choose an Iwasawa decomposition g = 6 © a © n"*" such that E E tn and 
H ec\a+. 

For item (ii), by Proposition 1.4.3.3, p. 120 of [17J, there exists a unique 
decomposition g = su, where 's,u E G commute, 's is semisimple and u is 
the exponential of a nilpotent hnear map. By Lemma 12. 3^ there exists an 
Cartan decomposition G = KS such that 's = eh, where h = exp(if), H E s 
and e~G Kg. This is the muhiphcative Jordan decomposition oi g, since e~is 
a i?0-isometry and h is -B^-positive. In order to show that (i and h commute 
with u, one can proceed as in Lemma IX. 7.1 p. 431 of [6j. By the uniqueness 
of the multiplicative Jordan decomposition in Gl(g), it follows that e = e, 
h = h and u = u, showing that the multiplicative Jordan components of g lie 
in G. By the proof of Lemma IX. 7.3 item (i) p. 431 of [6], we have that logh 
lies in the Lie algebra of G and thus there exists a unique H E Q such that 
logh = a.d{H), since ad is injective. Since both a.d{H) and ad(if) commute 
with e = e^, it follows that ad{H) and ad(iif) can be diagonalized in the same 
basis. Since e'^'^^^-' = h = e'^'^^^^ and using the injectivity of ad, it follows 
that H = H E 5. Thus we can choose an Iwasawa decomposition G = KAN 
such that e G Kh and H E cla'^. D 

Let G be a linear group. Now we define the Jordan decomposition of a 
linear flow g^ in G, t E T. If T = M then g^ = e*"^, X E gl(^) and we can 
use the additive Jordan decomposition X = E + H + N to write (?* = e^h^u^, 
where e* = e*^, /i* = e*^^ and u* = e*^. If T = Z we can use the multiplicative 
Jordan decomposition to write g^ = e^h^u^ for each t E T. It follows that in 
both cases the linear flows g^, e*, /i*, m* commute. 

Now take G = Int(g), where we identify the Lie algebra of G with g 
(see Section [2.2p . Let (?* E G, for all t E T. By Lemma |3.H each Jordan 
component e*, /i*,M* of (?* also lies in G, for all t G T. If T = Z then this is 
immediate. When T = R, then (?* = exp(tX), where X E Q. Thus we can 
use the Jordan decomposition X = E + H + N to write g* = e^h^u^, where 
e* = exp(tii^), /i* = exp{tH) and m* = exp(tiV). In both continuous and 
discrete time cases, we also have that each Jordan components of the flow g^ 
lie in Zh, where H is given by Lemma [3. H when T = Z. 

Let p : G —>■ Gl(l^) be a flnite dimensional representation, where dip : 
Q -^ gl(^) is its inflnitesimal representation. When t G Z, it is immediate 
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that p{g^) = p{gY- When t G M, we have that (?* = exp(tX), for X G g. 
Denoting p^gf = exp(tdipX), it follows also that p{g^) = pigY- 

Now we consider the behavior of the Jordan decomposition with respect 
to the canonical representation of the general linear group G1(L) in Gl(/\^ L), 
where L be a finite dimensional vector space, given by 

pig)vi A--- AVp = gviA--- A gVp. 

Lemma 3.2 For the the canonical representation of the general linear group 
G1(L) in Gl{/\^ L), we have that 

i) Take X G gl(-^)- IfX is elliptic (resp. hyperbolic, nilpotent), thendipX 
is elliptic (resp. hyperbolic, nilpotent). In particular, if X = E + H + N 
is the additive Jordan decomposition of X , then dipX = dipE + dipH+ 
dipN is the additive Jordan decomposition of dipX . 

a) Take g G G1(L). If g is elliptic (resp. hyperbolic, unipotent), then p{g) 
is elliptic (resp. hyperbolic, unipotent) . In particular, if g = ehu is 
the Jordan decomposition of g, then p{g) = p{e)p{h)p{u) is the Jordan 
decomposition of p{g). 

Hi) If e^h^u* is the Jordan decomposition of g^, then p{eYp{hYp{uY is the 
Jordan decomposition of p{gy. 

Proof: First observe that the complexification of wedge product of L is equal 
to the wedge product of the complexification of L, that is (/\^L)c = /\^ Lc- 
In fact, it is immediate that A^-^c C (/\^L)c and that both have the same 
dimension. Note also that 

p 

{dipX)vi A- ■■ Avp = '^vi A-- ■ A Xvi A-- ■ AVp. 

We claim that 



{dipX)'^Vi A- ■■ AVp = y^^Wii A 



Aw. 



tpi 



where Wij G N"^*^{L) such that ^^^^ rriij = m. For m = this is immediate. 
By induction on m 

{dipXr+^i A---AVp= (dipX) J] wa A ■ ■ ■ A w.p = 
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p 
= y^ y^ Wii A ■ ■ ■ A Xwij A ■ ■ ■ A Wip 

i j=l 

Since Wij G N"'-^{L) it follows that Xwij E A^™«^+i(L). 

For item (i), taking X nilpotent then there exists / such that X' = 0. 
From the above claim, it follows that (dipX)^' = 0. In fact, 

{dipXy^Vi A--- AVp = ^WiiA--- A Wip, 

i 

where Wij G N"^'^{L) such that Xl^i ^^«i ~ P^- Thus, for each i there exists 
j such that rriij > I. Therefore Wij = 0, which implies that Wn A ■ ■ ■ Awip = 0, 
for all i. Now taking X elliptic, there exists a C-basis fi, . . .f„ of Lc such 
that Xvk = ZkVki where Zk is purely imaginary. Then 

{vi^ A ■ ■ ■ AVip : where 1 < ii < . . . < ip < n} 

is a C-basis of /\^ Lc such that 

(dipX)fi^ A--- AVi^ = {Zi^ H h Zi^)vi^ A ■ • • A Vi^. 

This implies that dipX is elliptic, since Zi-^ + ■ ■ ■ + Zi^ is purely imaginary. 
The hyperbolic case is analogous. 

For item (ii), taking g unipotent, then g = e^ with A^ nilpotent so that 
p{g) = e^'^^^^'^ is unipotent, by using item (i). Now taking g is elliptic, there 
exists a C-basis fi, . . .f„ of Lc such that gvk = ZkVk, where Zk E C with 
\zk\ = 1. Then 

{vi-^ A ■ ■ ■ AVip : where 1 < ii < . . . < ip < n} 

is a C-basis of /\^ Lq such that 

p{g)vi^ A--- Avi^ = {zi^ ■ ■ ■ Zi^)Vi^ A--- AVi^. 

This implies that p{g) is elliptic, since \zi-^ ■ ■ ■ Zip\ = 1. The hyperbolic case 
is analogous. 

Item (iii) follows immediately from the previous items. D 

We recall the well known Pliicker embedding, which is given by 
I : GipiL) -^ P(A^ L), P^[v,A---A Vp], 
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where {vi, . . . , Vp} is a basis of P. This embedding has the following equiv- 
ariance property 

tigP) = p{g)i{P) 

where p is the canonical representation presented in Lemma I3.2[ If g* is a 
linearly induced flow it follows that 

t{g'P)=p{g)%P). 

4 Dynamics in flag manifolds 

In this section, we relate the Jordan decomposition of g* m. G = lnt(0) to 
the dynamics of the induced linear flow g* on the flag manifolds of g, where 
5 is a semisimple Lie algebra. The main results of the section deals with the 
characterization of the recurrent set and the finest Morse decomposition in 
terms of the fixed points of the Jordan components. 

Recall that, as seen in Section [3l when g^ E G then each multiplicative 
Jordan component e*, /i*, m* of g^ lies in Zh-, where iif G g is such that log h = 
a.d{H). Furthermore, there exists a Weyl chamber a^ such that H G cla'*'. 

Let C S. It follows that e*, /i* and m* induce flows in the flag manifold 
Fe. li p = dim(pe), we know that Fe C Grp(g), so we can restrict the 
Pliicker embedding (see Section [3]) to Fe and get an embedding i : Fe — > W, 
where V = /\^0. Since Fe is G-invariant, we have the following equivariance 
property 

iigx) = pig)iix), X G Fe, 

where p : G —^ Gl(V^) is the restriction to G of the canonical representation 
presented in Lemma 13.21 

4.1 Recurrence, chain recurrence and entropy 

The next proposition shows that the fixed points of the hyperbolic part of 
g^ are Morse components for the flow g^ in the flag manifold. This result is 
proved by using Proposition IA.5t which is in fact a particular case when the 
flag manifold is the projective space. 

Proposition 4.1 Let g* he a flow on Fe. The set 

{fix0(iJ,w;) : w G Wh\W/Wq} 
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is a Morse decomposition for g* . Furthermore, the stable and unstable sets 
ofG.XQ{H,w) are given by 

st{&XQ{H,w)) = ste{H,w) and uia{&XQ(H,w)) = uiae{H,w), 

Proof: Since iixQ{H,w) = Znwpe and since g^ G Zh, it follows that 
fi.XQ{H,w) is (yf*- invariant. 

Now we show that stQ{H, w) is the stable set of fix@{H, w). By the Bruhat 
decomposition of Fe, it is enough to show that ste{H, w) is contained in the 
stable set of fixe{H,w). Let x G ste{H,w), then x = exp(Y)lwb@, where 
Y G Hq/^x and / G Zh- Then 

g^x = g^exp{Y)g~^gHwbe = exp{g^Y)gHwbe, 

where gHvob^ G 'dxlq^H.w), since gH G Zh- Now we show that g^Y -^ 0. 
This follows by Lemma IA.31 since the spectral radius of the restriction of 
g to y^QiH) ^^ smaller than 1. In fact, by the Jordan decomposition, r{g) is 
given by the greatest eigenvalue of its hyperbolic component, which is given 
by the restriction of h to ^qih)- These eigenvalues are given by e~°'^^\ where 
a G n+ with a{H) > 0, so that r{g) < 1. Now if g^^x -^ y then g^Hivb^ — > y, 
so that y lies in the closed subset fixe(-ff, w)- 

For the unstable set we proceed analogously. It follows that 

fixe(/i*)= U fixe (if, u;) 

contains all the alpha and omega limit sets. In order to show that the set 
{^xq{H,w) : w G Wh\W/Wq} is a Morse decomposition for g^ it is enough 
to prove that if ti;(x), uj*{x) C fixe(if, w), then x G fixe(ii, w). First recall 
that 

z(fixe(/i*)) = fix(pW*)n2(Fe), 

i{(jj{x)) = uj{i{x)) and i{ij*{x)) = uj*{i{x)), 

where i is the Pliicker embedding. By hypothesis uj{i{x)), uj*{i{x)) are con- 
tained in the connected set i(fixe(ii, w)) of fix(p(/;,)*), so they lie in the same 
connected component of fix(p(/i)*) which is given by an eigenspace of p{h). 
Using Lemmas 13.21 and IA.41 it follows that i{x) C fix(p(/i)*), which shows 
that X G fixe(/i*). Then there exists s & W such that x G fix0(ii, s). By the 
invariance of Hxq^H, s), we get that 

uj{x) C fixe(ii, s) n fixe(ii, w), 
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showing that x G G.xq{H,w). The proof for the unstable set is completely 
analogous. D 

We note that st(fixQ{H, 1)) and un(fix0{H,w~)) are open and dense (see 
Section [22D so that fixe(-ff, 1) and fixQ{H,w^) are, respectively, the only 
attractor and repeller which are thus denoted by Hxq^H) and Hxq^H). Using 
the previous result, we obtain the desired characterization of the finest Morse 
decomposition. 

Theorem 4.2 Let g^ be a flow on ¥q and g^ = e^h^u^ its Jordan decom- 
position. Each fi.X0{H,w) is chain transitive, so that {{ix0{H,w) : w G 
PV^yiy/iye} is the finest Morse decomposition. In particular, the chain re- 
current set of g* in Fe is given by 

nc{g')=fixe{h')= [j fixe{H,w). 

Proof: By the connectedness of G.xq{H,w) we only need to prove that each 
fi.XQ{H,w) is chain recurrent. Let g^ = e*u*h^ be the Jordan decomposition 
of g*. Note that the restriction of g* to f\XQ{H,w) is given by e*M*. First we 
show that for each x G Fe there exists ?/ G Fe such that u^x —* y, when 
t — >• ±oo. In fact, i{v}x) = p{uyi{x). By Lemma [221 piu) is unipotent, so 
that, by Lemma |A.6| there exists [v] such that i{v}x) —^ [f], when t — > ±cxd. 
Using that i is an embedding, there exists ?/ G Fe such that iijj) = [v], which 
proves the claim. Now by Lemma [3?2| p(e*) is elliptic, so it lies in a subgroup 
conjugated to 0{V). This allows us to choose a metric in V such that p(e*) is 
an isometry for all t G T. This metric induces a metric in FV and thus in Fe, 
by using the Pliicker embedding, so that e* is an isometry in Fe. By Lemma 
applied to m*, e* it follows that g^ is chain recurrent on iixe{H,w). D 



We remark that H gives the parabolic type of (?* and Zh gives the block 
reduction as defined in |14j . 

Now we obtain the desired characterization of the recurrent set. 

Theorem 4.3 Let g^ be a flow on Fe and g^ = e^h^u^ its Jordan decomposi- 
tion. Then the recurrent set of g^ in ¥@ is given by 

n{g') = fixe {h')n fixe {u'). 
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Proof: By Lemma 13.21 and by Theorem lA.St we have that 

7^(p(^)*)=fix(p(/^)*)^fix(p(«)*). 

Thus the resuh follows by noting that 

^(7^((7*))=7^(p(^)*)^^(Fe), 

i(fixe(/i*)) = fix(p(/i)*) n z(Fe) and i(fixe(u*)) = fix(p(n)*) n z(F©). 

D 

By using the previous characterization of the recurrent set, the following 
result computes the topological entropy of linearly induced flows on flag 
manifolds (see [16] for deflnition and properties of topological entropy). 

Theorem 4.4 If g^ is a flow in ¥q, with t G Z, then its topological entropy 
vanishes. 

Proof: By using the variational principle and Poincare recurrence theorem 
(see [16]), the topological entropy of g^ coincides with the topological entropy 
of its restriction to the closure of its recurrent set. By Theorem 14.31 we have 
that the recurrent set of g*^ is closed. Now let g^ = e^h^u* be the Jordan de- 
composition of g^. Using again Theorem 14.31 it follows that the restrictions 
of g* and e* to 'R-{g*) coincide. Arguing exactly as in the proof of Theorem 
14.21 we can provide a metric in Fe such that e* is an isometry in Fe, for every 
t G Z. Thus the restriction of e* to TZ{g^) is also an isometry and therefore 
its topological entropy vanishes. D 



4.2 Conley index and structural stability 

In this section, we flrst compute the Conley index of a linearly induced flow 
(yf* on the flag manifold ¥q. Then we characterize the linearly induced flows 
which are structurally stable. 

We say that g^ is a conformal flow if m* = 1, for all t G T, where g^ = e*h*u^ 
is its Jordan decomposition. For each Iwasawa decomposition G = KAN 
such that if G cla^, we deflne the conformal subgroup given by the direct 
product Ch = KhAq(^h)- We say that the flow g^ has a conformal reduction 
if there exists a conformal subgroup such that (?* G Ch, for alH G T (this is 
the kind of linear flow considered in [7j). 
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Proposition 4.5 The flow g* is conformal if and only if it has a conformal 
reduction. 

Proof: First we work with T = M. Assume tliat g^ lias a conformal reduction. 
Thus there exists a choice of an Iwasawa decomposition G = KAN with 
i? e cl a"*" such that g^ = exp(tX) G Ch, for all t G T. Deriving at t = we 
get that X belongs to the Lie algebra of Ch which is given by the direct sum 
tHQ)Cie{H)- Thus we can decompose X = E+H where E & tn commutes with 
H G ae(H)- Since ad{E) is .Bg-anti-symmetric and ad(if) is S^-symmetric, it 
follows that X = E + H is the Jordan decomposition so that the nilpotent 
part A^ of X vanishes and thus u* = 1, for all t G T. Conversely, assuming 
that M* = exp(tA^) = 1, for all t G T, we have that A^ = 0, so that X = E + H 
is its Jordan decomposition. By Lemma 13. ![ it follows that there exists an 
Iwasawa decomposition g = 6 © a © n"*" with H E cla'^ such that E E^h and 
if G cl a+. Hence g* = exp(tX) G Ch, for all t G T. 

Now we work with T = Z. Suppose that g^ has a conformal reduction. 
Hence there exists a choice of an Iwasawa decomposition G = KAN with 
if G cla"*" such that g G Ch- Thus we can decompose g = eh where e G Kh 
commutes with h G Aq(^h)- Since e~is a i^g-isometry and h is -B^-positive, this 
is the multiplicative Jordan decomposition of g so that m* = 1, for all t G T. 
Conversely, assume that u* = 1 so that g = eh is its multiplicative Jordan 
decomposition. By Lemma 13.11 it follows that there exists an Iwasawa de- 
composition G = KAN with if G cl a^ such that e G Kh and H G cla^. 
Therefore g^ = exp(tX) G Ch, for all t G T. D 

Given an Iwasawa decomposition of q we recall that we can embed the flag 
manifold Fe in s in the following way. Take Hq G cla"*" such that O = O(iie) 
and put 

i -.We ^ s, gpe ^ kHe, 

where g E G and g = kan is its Iwasawa decomposition, with k E K, a E A, 
n E N (see Proposition 2.1 of [5]). 

Proposition 4.6 Let the flow g^ be conformal. Then there exists an Iwasawa 
decomposition such that the height function of H with respect to the above 
embedding given by 

/:Fe^M, x ^ Be{iix), H), 

is a Lyapunov function for the finest Morse decomposition. 



Proof: Since g^ is conformal, by the previous result there exists, an Iwasawa 
decomposition such that g^ G Ch- Decompose g^ = e*/i* with e* G Kh and 
h* G A0(^H)- Note that height function / is i^/^-invariant since for k G Kh, 
we have 

f{kx) = Be{kt{x), H) = Be{t{x), k'^H) = Be{i{x), H) = f{x), 

where we used that k is an isometry with respect to Bq. Thus we have that 

fig'x) = fih'x), 

for all t G T, and the result follows by Proposition 3.3 item (ii) of [5J. D 

The next result gives further information about the finest Morse decom- 
position (see Theorem 3.2, Proposition 3.5 and Proposition 7.1 of [Il|). For 
the definition of the fiag manifold F(A)j|/y see Section 3.3 of [H]. 

Proposition 4.7 Let g^ be a flow on ¥q. Put A = Q{H) and take Hq G 
cla"*" such that 6 = Q^Hq). Then iixQ{H,w) is diffeomorphic to the flag 
manifold F(A)/^q, where Hq is the orthogonal projection of wHq in a (A). 
Furthermore, the stable and unstable sets offixQ[H,w) are diffeomorphic to 
vector bundles over ¥{A)ho- Moreover, if g^ is a conformal flow, then it 
is normally hyperbolic and its restriction to ste{H,w) and une{H,w) are 
conjugated to linear flows. 

In the next result we obtain the Conley index of the attractor and, when 
(?* is conformal, of all Morse components (see Proposition 7.6 and Corollary 
7.8 of [H]). 

Theorem 4.8 If Q{H) C Q or Q C Q{H), then the Conley index of the 
attractor 6.Xq{H) is the homotopy class of the flag manifold F(A)/^p. 

Let g^ be a conformal flow on ¥q and consider the same notation of 
the previous proposition. Then the Conley index of the Morse component 
fixQ{H,w) is the homotopy class of the Thom space of the vector bundle 
uiaQ{H,w) —>■ ¥{A)ho. In particular, we have the following isomorphism in 
cohomology 

Ci/*+"-(fixe(i/, u;)) ~ i/* (F(A)ho) , 

where n^ is the dimension ofunQ{H,w) as a vector bunble. The cohomology 
coefficients are taken in Z2 in the general case and in Z when nnQ{H,w) is 
orientable. 
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An element H & a is said to be regular if there is no root « G S such 
that a{H) = 0. An element X G g is h-regular if H is regular in a, for 
some Iwasawa decomposition q = t © a © n+, where X = E + H + N 
is its Jordan decomposition. Note that if X is h-regular then so is tpX 
for tp G lnt(0). An element g E G is h-regular if H is regular in a, for 
some Iwasawa decomposition q = 6 © a © n"*", where g = ehu is its Jordan 
decomposition and logh = ad(iJ). Note that if g is h-regular, then so is 
hgh~^ for h e G. 

Proposition 4.9 The h-regular elements of q are dense in q, and the h- 
regular elements of G are dense in G. 

Proof: Fix a Cartan involution 6. Let j be a ^-stable Cartan subalgebra. 
Take a Cartan decomposition j = (fiflj) © (sflj). Since j is maximal abelian in 
g, it follows that a, = s fl j is maximal abelian in 5. If X G j, then its Cartan 
and Jordan decompositions coincide. In fact, j is abelian, an element in i 
is i?e-anti-symmetric and an element in 5 is i?e-symmetric. Now since the 
regular elements of a, are dense in a,, it follows that the h-regular elements 
of j are dense in j. By Proposition 1.3.4.1 p. 101 of [TTj there exist ^-stable 
Cartan subalgebras ji, . . . , j^ such that the set 



[ji^tidYh 



i=l 



is dense in g. Thus it follows that the h-regular elements of g are dense in g. 
Let J be a ^-stable Cartan subgroup. By Proposition 1.4.1.2 p. 109 of 
[TTj, we can take the Cartan decomposition 

J = (Jnir)(exp(j ns)). 

Since j is maximal abelian in g, it follows that Oj = s fl j is maximal abelian 
in s. If (7 G J, then its Cartan and Jordan decompositions coincide. In fact, 
J centralizes exp(s), an element in iiT is a 5e-isometry and an element in 
exp(s) is -Bg-positive. Now since the regular elements of a, are dense in Oj, it 
follows that the h-regular elements of J are dense in J. By Theorem 1.4.1.7 
p. 113 of [17j there exist 6'-stable Cartan subgroups Ji, . . . , J^ such that the 
set 

U U sJi9" 

1=1 geG 
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is dense in G. Thus it follows that the h- regular elements of G are dense in 
G. U 

Note that a regular element is automatically conformal since we have that 
Zh = MA when H is regular, where M is the centralizer of a in K. It follows 
that the above result implies Theorem 8.1 of [7]. 

Lemma 4.10 Let H E c\a^ and C S. If H is not regular and 7^ E 
then there exists w E W such that Hxq^H, w) is not an isolated point in ¥q. 

Proof: Given w G W, by Proposition 3.6 p. 326 of [5] the map (pw : wn@ -^ 

N^be C Fe, Y \-^ exp(Y)wb@ is a diffeomorphism such that (pw{0) = wbe 
and ^ 

i7o(^^ = d(^^(ad(i7)|^„-), 

where H{x) denotes the induced field of H at x. Since fixe(i^, w) consists of 
the connected set of zeroes of the induced vector field H which pass trough 
wbQ, it follows that 

^^^(fix(i7,^)e n N^be) = Kerad(i7)L„-. 

Now if H is not regular then there exists a G S such that a{H) = 0. We 
have that 

wxIq = 5^{0»./3 : /? G n- - (0)}. 

Since 7^ S we can take (3 G 11^ — (0). Since the Weyl group W acts 
transitively on 11 we can take w E W such that w*l3 = a. Since a{H) = it 
follows that Qa C Kerad(if)|^^-. From the above discussion it follows that 

Vwida) C Rxe{H,w), 
so that fixe{H,w) is not an isolated point in Fe. □ 

Now we obtain the desired characterization of the linearly induced flows 
which are structurally stable. For the concepts of structural stability and of 
Morse-Smale flows and diffeomorphisms see [TT]. A flow g* in Fe is regular 
if H is regular in a, where (7* = e^h^u^ is its Jordan decomposition. 

Theorem 4.11 Let g^ he a flow on Fe, where C S with 7^ S. Then the 
following conditions are equivalent: 
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(i) (yf* is regular, 

(a) (yf* is Morse-Smale and 

(Hi) f7* is structurally stable. 

Proof: First we show that condition (i) imphes condition (ii). Let g^ = e^h^u^ 
be the Jordan decomposition of (?* and H = log h. If H is regular, then for 
each w G W, the set Hxq^H, w) reduces to a point. Thus, by Theorem 14.21 it 
follows that TZc{g^) is a finite set of fixed points. By Proposition l4.7t we have 
that each point in TZc{g^) is hyperbolic. Furthermore, by Lemma 4.2 of [3] 
p. 331, the stable and unstable manifolds, given by Proposition 14.11 intersect 
transversally. Thus it follows that g^ is Morse-Smale. By a result of [11], it 
follows that condition (ii) implies condition (iii). 

Now we show that the negation of condition (i) implies the negation of 
condition (iii). If H is not regular, for each G C S with 7^ S, there 
exists a Morse component G.xq{H,w) which has infinite points. Thus, by 
Theorem 14. 2[ the same is true for TZc{g*)- When T = Z, let ^ G G be a 
h-regular element arbitrarily close to g, given by Proposition 14.91 so that ^* 
is a regular fiow. Then ^ is arbitrarily close to g in Diff(Fe). By the first 
part of the proof, we have that TZc(g^) is finite and thus ^* and (/* cannot be 
topologically equivalent. This proves that, in this case, g^ is not structurally 
stable. In the case T = M, we have that (?* = exp(tX), for some X G g. Let 
X G be an h-regular element arbitrarily close to X, given by Proposition 
14.91 so that ^* = exp(tX) is a regular fiow. Then X is arbitrarily close to X 
in Af(Fe). Using again the first part of the proof, it follows that TZc(g^) is 
finite and thus ^* and g^ cannot be topologically equivalent. Thus we have 
again that g^ is not structurally stable. D 

Remark: Here we show how the results on the fiag manifolds recover the 
analogous ones on the projective space. Consider the Lie algebra g = sl(?2, M) 
and the Lie group G = lnt(0) = Ad(Sl(n, M)). A canonical choice of Iwasawa 
decomposition gives the maximal abelian a = diagonal matrices with trace 
zero and roots II given by the functional in o defined by ajj(diag(iffc)) = 
Hi — Hj, i ^ j, i,j = 1, . . . ,n. Fixing the set of simple roots = {ai,j+i : 
i = 2, . . . ,n — 1}, then the corresponding parabolic subgroup in Sl(ra, M) is 

Pq= { ^ '" j ,aeR,ve M""^ and tiA + a = 0, 
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which is precisely the isotropy subgroup at [ei] of the canonical action of 
Sl(n,M) in PM". It follows that the map 

if-.FW ^ We, T[ei] ^ Ad(T)p©, T G S\{n, M), 

is an equivariant diffeomorphism. For X G g, the map ip conjugates the 
action of e*"^ on PM" with the action of exp(tX) on Fe, since 

^(e*^T[ei]) =e*^'iW^(T[ei]) =exp(tX)y,(r[ei]). 

We claim that X G sl(n, M) is h-regular if the real part of its eigenvalues 
are distinct. In fact, writing the Jordan decomposition X = E + H + N, 
if G cl a"^, then the entries oi H = diag(iii, . . . , Hn) are the real part of the 
eigenvalues of X. The claim follows, since H is regular in a when aij{H) = 
Hi - H, ^ 0. 



5 Floquet theory 

In the previous sections, from the point of view of differential equations, 
we have considered equations with constant coefficients. In this section we 
extend these results to equations with periodic coefficients. Throughout this 
section we fix T = M. 

The fundamental solution associated with a given continuous map t G 
T f— > X(t) G is the map t & T \-^ g{t) ^ G which satisfies 

g\t) = X{t)g{t) 

and (7(0) = I . It is straightforward to show that 

Ps-.T^G, t^ps{t)=g{t + s)g{s)-^ 

is the fundamental solution associated with the map t G T 1-^ X{s + 1) E g. 
When X is constant, we have that g{t) = g* = exp(tX), which is the fiow 
induced on G by the right-invariant vector field X'^{a) = Xa, where a & G. 
When X is T-periodic g{t) is not in general a fiow. Despite of this, we 
can associate a fiow to g{t) in the following way. Since X{t + T) = X{t), we 
have that prit) = g(t), for all t G T. Thus it follows that g{t + T) = g{t)g{T) 
and that g{t + niT) = g{t)g{T)"^. We will need the following result which 
can be regarded as a refinement of Floquet 's lemma to semisimple Lie groups 
(see Theorem 2.47, p. 163 of [3J). 
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Lemma 5.1 Let G = lnt(0). For g E G there exist m G N and X G g such 
thatg"" = exp(X). 

Proof: Let g = ehu be its Jordan decomposition. By Lemma [XT] there exists 
an Iwasawa decomposition G = KAN such that h = e^'^^^\ H E c\a^ and 
e G Kh- We have that u = I + T where T is a nilpotent map. Since e, h 
commute with u, it follows that e, h commute with T. By Lemma IX. 7. 3 
p. 431 of [6], we have that u = e^^^^ where N E Q is such that ad{N) is 
nilpotent. By Lemma VI. 4. 5 p. 270 of [6], ad(A^) = log(M) = log(/ + T) which 
is a polynomial in T. It follows that e, h commute with ad(A^) and thus e G 
K]^. We claim that H commutes with N. Note that ii p{x) is a polynomial, 
then p{h) commutes with ad(A^). There exists a basis such that ad(if) and 
h = e^^^^^ are given respectively by the diagonal matrices diag(Ai, . . . , An) 
and diag(e^^, . . . , e^"). There exists a,b > such that interval [a, b] contains 
the eigenvalues of h. By the Weistrass approximation theorem, there exists a 
sequence of polynomials Pn{x) such that for x E [a, b] we have p„(x) — * log(x). 
Thus we have that Pn{h) — > a.d{H), which shows that ad(-ff) commutes with 
ad(A^), since Pn{h) commutes with ad(A^) for all n G N. 

From the above considerations it follows that e lies in the compact group 
L = Kh n Kn which has Lie algebra t^ ^ ^n- It follows that there exists 
m E N such that e*" in the connected component L containing the identity. 
Thus, by Lemma II. 6. 10 p. 135 of [6], there exist E E Ih ^ ^n such that 
e'" = exp(ii^). Taking X = E + mH + mN it follows that 



_,m 



exp(X) = exp(E) expiH)"" expiN)"" = e^/i^w'" = g' 

n 

By the above result, there exists X E Q such that g{T)"^ = exp{mTX). 
Defining g^ = exp(tX) and 

ait) = g{t)g-\ 

it is straightforward to check that a(t + mT) = a{t) and that 

Ps(t) = a(t + s)5f*a(s)~\ 
for all t eT. We have that the map defined by 

0*(s, a) = {s + t,ps{t)a) 
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is a flow of automorphisms on the principal bundle 5*^ x G. In fact, observing 
that the map (s, a) ^^ (s, a{s)a) is a diffeomorphism of S"^ x G onto itself, it 
follows that 

0*(s, a{s)a) = (s + t, a(s + t)g*a) 

and thus is not hard to check that * is already a flow. 

From now on we consider the Jordan decomposition g^ = e*h*u^ of the 
flow on Fe associated to 0*, where log/i = a.d{H) and H lies in the closure 
of a flxed Weyl chamber o+ (see Section [3]). For each Fe, we can induce a 
flow on S^ X Fe by simply putting 

0*(s,a;) = (s + t,ps{t)x) 



or 



s, a{s)x) = (s + t, a{s + t)g^x). 



Note that when X(t) is constant and equals to X, then a{t) = I and 
0*(s, x) = (s + t,g''x), so we return to the same context of the previous 
section. 

Now we obtain the desired characterization of the recurrent set. 

Theorem 5.2 The recurrent set of cf)^ in S^ x Fe is given by 

n{(f)') = {{s,a{s)x) : seS\xe flx© {h') n flxe (m*)}. 

Proof: Denoting by 

R = {{s,a{s)x) : s e S'^, x e flxe [h^) n flxe (^*)}, 

we will flrst show that R C 7^(0*). Given (s,a(s)a;), where a; G TZ{g^), by 
Theorem 14.31 we have that (yf^x = e*x, for all t G T. Arguing exactly as in 
the proof of Theorem 14.21 we can provide a metric d in Fe such that e* is an 
isometry in Fe, for every t G T. By the compactness of Fe and by Lemma 
12.11 there exists a sequence n^ — > oo such that g"''"^^x — > x. It follows that 

0"^'^^(s,a(s)x) = (nfcmT+s, a(nfcmT+s)c/"^'^^x) = (s, a(s)^"'="'^x) ^ (s,a(s)x), 

showing that i? C 7^(0*). Conversely, let (s, a(s)x) G 7^(0*). Thus there 
exists tfc — »■ oo such that 

(tfc + s, a(tfc + s)g^''x) = 4>*''{s, a{s)x) —^ (s, a(s)a;). 
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Therefore tk + s ^ s modulo rriT so that a{tk + s) — > a{s) and thus g^'^x — > x. 

n 

Let {fixe(i^, w) : w G WeXW/Wq} be the finest Morse decomposition of 
the flow g^ given by Theorem 14.21 and define 

Aie{H,w) = {{s,a{s)x) : s G S^, x G fixe(H,w)}, 

which is a 0*-invariant subset of S*^ x Fe. If / : Fe ^ M is a Lyapunov 
function for the finest Morse decomposition of g^ and defining 

F{s,a{s)x) = f{x), 

we have that F : S^ x ¥q ^ M is a Lyapunov function for the family 

{Me{H,w) : w G WnW/We}, 

which is, therefore, a Morse decomposition of the fiow 0*. In fact, 

F(0*(s, a{s)x)) = F{s + t, a{s + t)g^x) = f{g^x) 

and thus F o 0* is constant over each A4q{H, w) and strictly decreasing out 
of their union. Now we characterize the stable and unstable sets of these 
Morse components. 

Proposition 5.3 The stable and unstable sets of Ai@{H,w) are given by 

st{M0{H,w)) = {{s,a{s)x) : s e S^, x e ste{H,w)} 

and 

un(A^0(if, ly)) = {{s,a{s)x) : s G S^, x G une(if, w)}. 

Proof: Taking x G stQ{H,w), by Proposition 14. ![ we have that g^x — >■ 
G.xq{H,w). Thus it follows that 

0*(s, a{s)x) = (s + t, a{s + t)g^x) -^ st{Me{H, w)), 

showing that {s,a{s)x) G st{A4e{H,w)). The equality follows by observing 
that, by the Bruhat decomposition, the sets ste{H,w), w G W, exhaust Fe. 
The proof for the unstable set is entirely analogous. D 

We denote the only attractor and the only repeller M.q{H, 1) and M.q{H, w' 
respectively, by M.q{H) and 7V(@(if). Using the previous result, we obtain 
the desired characterization of the finest Morse decomposition. 
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Theorem 5.4 Each A4q{H,w) is chain transitive, so that {A4q{H,w) : 
w G VrH-\Vr/VFe}} is the finest Morse decomposition of ip* . In particular, 
the chain recurrent set of (p^ in S^ x ¥q is given by 

7^t;(0*) = {{s,a{s)x) : s e S^, x E fix© (/i*)}. 

Proof: First assume that, for aU given e > 0, t E T, and x,y E fix@{H,w), 
there is an (e,t)-chain from (0,x) to {s,a{s)y). With this we will construct 
an (e,t)-chain from (s, a(s')x) to (s,a(s)y), for all x,y E fixe(-ff, w). In fact, 
take 6 > given by the e- uniform continuity of 0* in S*^ x F©. Denote by d 
the metric in 5*^ x F© given by 

d{{s,x),{r,y)) = \s - r\ +d{x,y), 

where d is a metric in ¥q. Consider the (5, t)-chain from (0, x) to 

{s-s,a{s-s)g~'y) , 

given by tj > t and rji E S^ x ¥q, where i = l,...,n + 1 such that 
d{rii, (p^^ijji)) < 5, for 2 = 1, . . . , ra. We have thus that, with the same t, > t, 
(p'^irji) is an (£:,t)-chain from (s, a(s)a;) to (s,a(s)y). 

Now we will prove the above assumption. Let x,y E fix© (if, w) and take 
6 > given by the e-uniform continuity of the map (s, z) \-^ a{s)z in S^ x F©. 
By the compactness of F©, there exists r > such that d{g^z, z) < 6/2, for 
all t E [0, r] and all z E ¥q. By Theorem 14.21 there exists a {6/2,t)-ch.am 
from X to y in ¥q given by tj > t and Xj E ¥q, where i = 1, . . . , n + 1. Note 
that n can be taken arbitrarily large such that mT/n < t. Let / be such that 

s = s + lmT - (ti + --- + t„) G [0,mT]. 

Consider t = s'/n E [0, r] and define ti = ti + t > t, 

^1 = (0, x) and ^j+i = (fi H ]-%, a(ti -\ h ti)xi+i) . 

We claim that this provides an (e, t)-chain from (0,x) to {s,a{s)y). In fact, 
note that 

ti + ■ ■ ■ + tn = s + ImT, 

and that x„+i = y, so that we have ^n+i = (s, a{s)y). Since 
0^ (6) = (ti + ■■■+%, a{ti + --- + ti)g'^x^ 
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and 

d (g^'Xi, Xi+iJ < d (^g^z, zj+d {g^'Xi, x^+i) < 6, 

where z = g^'-Xi, we have that 



c^(0^'(6),em) <^- 



D 



Consider the set 



{{s,a{s)a) : s e S^, a e Zh} C 5^ x G. 



Since g*^ G Zh, it follows that Qrp is a ^'-invariant ^//-reduction of the 
principal bundle S^ x G which in [14j has been called a block reduction of 
the flow 0*. Looking at S^ x Fe as an associated bundle of S^ x G, by the 
previous results, this reduction has the following immediate properties 

Me{H,w) = Q^-wb@ and st{M0{H,w)) = Q^ ■ ste{H,w), 



recovering, in this context. Theorem 4.1 item (i) and Theorem 5.3 of 

We say that the flow * is conformal if its associated flow g^ is conformal. 
In this case, by Proposition 14.51 there exists a conformal subgroup Gh of Zh 
which contains g^. It follows that the set 

G^ = {(s, a{s)c) : seS\ce Gh} C S^ x G 

is a '-invariant C//-reduction of the principal bundle S^ x G which in [T3] 
has been called a conformal reduction of the flow 0*. Note that both Q^ and 
G^ have a global section given by s i-^ (s, a(s)). Thus, by Corollary 8.4, p. 36 
of [15], these are trivial bundles, implying that their associated bundles are 
also trivial. The next result gives further information about the finest Morse 
decomposition (see Propositions 4.2, 6.2 and 7.1 of |il4j)- For the definition 
of the flag manifold F(A)//p see Section 3.3 of p^ 



Proposition 5.5 Put A = Q(H) and take Hq E cla+ such that 6 = Q{Hq). 
Then Ai^i^H, w) is homeomorphic to S^x¥{A)ho, where Hq is the orthogonal 
projection of wHq in a (A). Furthermore, the stable and unstable sets of 
fix0(if, ty) are diffeomorphic to vector bundles over M.q{H,w). Moreover, if 
(f)* is a conformal flow, then it is normally hyperbolic and its restriction to 
st{Aie{H,w)) and un{A4@ {H,w)) are conjugated to linear flows. 
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In the next result we obtain the Conley index of the attractor and, when 
0* is conformal, of all Morse components (see Theorem 7.4 and Corollary 7.8 

Theorem 5.6 // Q{H) C 6 or C Q{H), then the Conley index of the 
attractor A4q{H) is its homotopy class. 

IJip^ is conformal, then the Conley index of the Morse component AiQ^H, w) 
is the homotopy class of the Thom space of the vector bundle un^AiQ^H, w)) -^ 
A4q{H,w). In particular, we have the following isomorphism in cohomology 

CH*+^-iMe{H,w)) ^ H* {S' x F(A)ho) , 

where n^ is the dimension of nn{A4Q {H,w)) as a vector bunble. The co- 
homology coefficients are taken in Z2 in the general case and in Z when 
unQ{H,w) is orientable. 

It follows that the (co) homology Conley indexes can be computed by 
Kiineth formula, once we know the (co)homology of the real flag manifolds. 
For the homology of real flag manifolds see [9j . 

A Dynamics in projective spaces 

In this appendix, we relate the Jordan decomposition of (7* in Gl(y) to the 
dynamics of the induced linear flow g^ on the projective space PV", where V is 
a finite dimensional vector space. The main results of the section deals with 
the characterization of the recurrent set and the finest Morse decomposition 
in terms of the fixed points of the Jordan components. We will need some 
preliminary lemmas. 

Lemma A.l Let V = U(BW and let x„ = Un+Wn be a sequence with Un &U 
and Wn € W. Suppose that Un y^ for all n E N and that lim -j^ = 0. 
Passing to the projective space, if [x„] G WV converges to [x] G WV then 

[x] G Pf/. 

Proof: Without loss of generality we can suppose that \un\ = 1 and that 
limw„ = since [a;„l = [r^ + i^l and lim t^ = 0. Now since |m„I = 1 it 

n L nj l\u„\ \u„\i \u„\ I ^l 

has a convergent subsequence u^n. — > u, where u G U, since subspaces are 
closed in V. Then 

[x] = lim [x„,] = lim [m„^ + w^J = [u] 
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and thus [x] E FU. D 



Lemma A. 2 Fix a norm \-\inV. If h = I then for each x ^ there exists 
e > such that \g^x\ > e for all t G T. 

Proof: By the Jordan canonical form, in an appropriate basis, u is up- 
per triangular with ones on the diagonal. Write x in this basis as x = 
(xi, . . . , Xfc, 0, . . . 0) where Xk is the last nonzero coordinate of x. Then -u* 
fixes the last coordinate Xk of x so that, if we take the euclidian norm | ■ |i 
relative to this basis, we have that \u^x\i > \xk\ for all t G T. Taking the 
norm | ■ I2 which makes e an isometry, we have that |f I2 > C'l'^li for all f G V^, 
where C > 0. Since by hypothesis (?* = e*-u*, we have that 

\g^x\2 = \u^x\2 > C\u'^x\i > C\Xk\ 

for all t G T. Using that | ■ I2 is equivalent to the norm | ■ | fixed in V, the 
lemma follows. D 

For the following lemma, we need to recall the definition of the spectral 
radius of a linear map g, which is given by 

r{g) = max{|A| : A is an eigenvalue of g}. 

Let V have a norm | ■ |. We also denote by \g\ the corresponding operator 
norm. 

Lemma A. 3 If r{g) < 1 then \g^\ -^ 0. 

Proof: Let g*' = e*h*u*' be the Jordan decomposition of the linear fiow g^. 
Since the norms in V are equivalent, we can choose | ■ | such that the eigen- 
vector basis of h is orthonormal. Then we have that |/i*| = r{gy. Since e 
is elliptic, it lies in a subgroup conjugated to OiV) so that the norm |e*| is 
bounded, say by M > 0. Since u is unipotent, we have that u = e^ , where 
A^ is nilpotent, so that 

u' = e'^ = I + tN + --- + {tNf/k\, 

for some fixed A; G N. Using that |A^'| < |A^|', it follows that ioi v eV 

\u'v\ < \v\{l + \N\t + ■■■ + {\N\^/k\)t'') = \v\p{t), 
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where p{t) is a polynomial in t, so that |-u*| < p{t). Collecting the above 
results, we have that 



1^*1 < |e*||/i*||M*| < Mr{gYp{t) -^ 0, 
when t — > cxD, since r{g) < 1. 



D 



Lemma A. 4 Let V = V\ 



V, 



A2 



Va„ he the eigenspace decomposition 



of V associated to h where Ai > A2 > ■ ■ ■ A„ > 0. Let v = vi + V2 + ■ ■ ■ + Vn, 
V ^ 0, with Vi G Va- . Take i the first index k with Vk ^ and j the last index 
k with Vk^O. Then uj{[v]) C FVi and uj*{[v]) C PV,-. 

Proof: Denote by gk the restriction of g/Xi to Va^,. We have that gk has 
spectral radius A^/Aj and that gi has hyperbolic part equal to the identity. 
By Lemma [A. 31 we have that for k > i we have \givk\ < Is'fcll'^fcl -^ 0, when 
t -^ 00. By Lemma [A.2I we have that \giVi\ > e, for some e > 0. Now let 
tj — > cx) be such that limj^oo 5'*^ [v] = [x] , then 



g'^v] 



9^ 

A,- 



Vi-\ hVt) 



k>i 



\X\ 



SO that, by the previous arguments and Lemma [A. 11 it follows that [x] G PV^. 

D 

With the previous result we obtain that the projective eigenspaces of 
the hyperbolic part of g* give are Morse components for the flow g^ in the 
projective space. 

Proposition A. 5 The set {PV^i, . . . ,PVa„} is a Morse decomposition. Fur- 
thermore, the stable set of^Vx^ is given by 



St(PVAj = {[V^ + Vi+i + --- + Vn]: Vi^Q], 



where Vk G V\ 



Proof: Since /i* commutes with g^ and taking v^ G Va^,, it follows that 

h^g^Vk = g^h^Vk = \k9^Vk, 



31 




Figure 1: Unipotent element acting on the projective line. 

showing that Vx^ is ^f*- invariant. The proposition then follows from the defi- 
nition of Morse decomposition, using the previous lemma. D 

In order to show that the above Morse decomposition is the finest one, 
we need to consider the behavior of the unipotent component of g^. This 
is done in the next lemma, which generalizes the behavior on the projective 
line (see Figure [1]) of the action of the linearly induced map e*^, where 



A^ 



1 




Lemma A. 6 Let x ^ be a vector and N be a nilpotent transformation. 



If k is such that N^^^x = and v = N^x ^ 0, then e^^\x\ 
t -^ ±oo, where t G T. Furthermore e*^w = v, for all t eT. 



[v], when 



Proof: First note that 



e'^'v 






X = V. 



Now we have that 



e'''[x] 



x + tN + ■■■ + — V 
k\ 



and, multiplying by k\/t'^ , we get that 



e*^bl 



h\ / +k-l 
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when t -^ ±00, where t eT. D 

Collecting the previous results we obtain the desired characterization of 
the finest Morse decomposition. 

Theorem A. 7 Let g : V —>■ V be a linear isomorphism, where V is a finite 
dimensional vector space. Let V = Vx-^ © Vx^ © ■ • • © Vx„ be the eigenspace 
decomposition of V associated to h. Then each PVa^ is chain transitive, so 
that {PVxi, • • • ,PVa„} is the finest Morse decomposition. In particular, the 
chain recurrent set of g in FV is given by 

nc{g') = Rx{h')=[JFVx,. 

i 

Proof: By the connectedness of PVa^ we just need to prove that each PVx. 
is chain recurrent. We note that the second equality on the equation above 
is immediate. Thus, by Proposition IA.5I we have that TZc{g) C fix(/i*). Now 
we prove that fix (/i*) is chain recurrent. First note that the restriction of g* 
to fix (/i*) is given by e'-u*. Since e* is elliptic, it lies in a subgroup conjugated 
to 0{y). This allows us to choose a metric in V such that e* is an isometry 
for all t G T. This metric induces a metric in P\^ such that e* is an isometry 
in P\^. By Lemmas IA.6I and 12.21 applied to u*, e* it follows that g*' is chain 
recurrent on fix {h}). D 

We conclude with the desired characterization of the recurrent set. 

Theorem A. 8 Let g : V ^ V be a linear isomorphism, where V is a finite 
dimensional vector space. Then the recurrent set of g in ¥V is given by 

n{g') = fix {h') n fix (m*) . 

Proof: Let [x] be such that [x] G ci;([a;]). By Theorem IA.7I we have that 
[x] G fix (/i*). Let tj — !► 00 be such that g*^ [x] — > [x]. Since e* is elliptic, it lies 
in a subgroup conjugated to 0{V), so we can assume that e*^ ^ E. Note 
that E commutes with the Jordan components of g. By Lemma IA.6t there 
exists a fixed point [v] of m* such that m*-'[x] -^ [v]. Since g^^ = e*%*-'/i*-'' it 
follows that 

[x] = lim5f*^[x] = lime*-'M*^[a;] = E[v]. 
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The theorem follows since E commutes with -u* and [v] is a -u*- fixed point. D 

We illustrate the above results with some examples in dimension three. 
In order to stay in the context of semisimple Lie groups we work in Sl(3, R). 
Example: Let X e sl(3,M). There exists g G S1(3,M) such that gXg'^ has 
one of the following Jordan canonical forms, where a,b &M.: 



X,= \ -b , X 



-a 






>^ 
-b 
a + b ) 


•) 


4 = 


/ -a -b 
b —a 

loo 





2a 




Xa = \ b —a and 



Let a,b > 0. We have that the nilpotent component of X4 is zero, while its 
elliptic and hyperbolic components are given, respectively, by 



E= \ b and iJ 




-a 











—a 











2a 



In this case, the recurrent and chain recurrent sets coincide and we have 
two Morse components: the attractor [es] and the repeller [Mei © Me2] (see 
Figure [2]^a)). We also have that the elliptic component of X5 is zero, while 
its hyperbolic and nilpotent components are given, respectively, by 



H= \ -a \ and X 



-a 











—a 











2a 




In this case, the recurrent and chain recurrent sets are different, but the Morse 
components remain the same. The recurrent set is given by {[ei], [63]} (see 
Figure [2](b)). In both cases, the stable set of the attractor is the complement 
of the repeller. 
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